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Second quantized fermions with half integer spins

» Algebras in Clifford space in d > (13 + 1), if used to
describe the internal degrees of freedom of fermions —
spins and charges of quarks and leptons and antiquarks
and antileptons — offer the anticommutation relations
among creation and annihilations operators for fermions
without postulating the anticommutation relations.
Correspondingly these algebras explain the Dirac
postulates for the second quantized fermions.

» Algebra in Grassmann space offers as well the second
quantized ” fermions” with integer spins and in d > 5 the
charges in adjoint representations, fulfilling the
anticommutation relations without postulating them.



» In d-dimensional Clifford space of two kinds of
anticommuting coordinates 1?’s and 57’s, one has
{77+ =277 = {3°,5%}+,

{’737 ’?;/b}Jr =0 '
() =y (3 =025,
{Sab7 SCd}f =0, sab — Sab + gab,

a=(0,1,2,3,5,.....,d),
» The two kinds of the Clifford algebras, formed by, ? and
7,

are completely independent, each offering 29 " vectors” ,
which are superposition of products of either v?’'s or 47’s,
7’ = diag{1,-1,-1,--- , 1},

» Clifford space offers correspondingly 2 - 29 degrees of
freedom, the same number as the Grassmann space.



» One can arrange each of two kinds of ”vectors”, formed
by products of superposition of either 4?’s or 5?’s into 29
irreducible representations with respect to the
corresponding Lorentz group,

» making ”vectors” in each of the two spaces to
be” eigenvectors” of the Cartan subalgebra of the
corresponding Lorentz algebras.
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» Let us choose the irreducible representations of the
Lorentz group to be the "eigenvectors” of each of the
Cartan subalgebra members of each of the two Lorentz

algebras.
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k—j:’, if eithera=0o0r b=0, k:j:%, otherwise.

» k represents an half integer spin.



> Let us introduce the notation for the " eigenvectors” of
the two completely independent Cartan subalgebras
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i b abe ab ab 2 ab
N 1 I 1 RN () =
aa aNbT ab ab
6T, () =0 (SR, (R =0,
1 i aNbJf ab al al
Sav it W=, (R =T,
— naa,r]bb

» The "eigenvectors” of the Cartan subalgebras are either

ab ab

nilpotents — ((k))2 = 0 and ((k))2 = 0 — or projectors

ab ab ab

— ([akb]) =[k] and ([k])2 —[k] each in its own space.



» Let us make a choice of the starting odd " vector” in
space of odd products of 1?’s for d = 2(2n+ 1) as
follows, denoting this "vector” by 13:1” and its Hermitian
conjugated partner by b! = (bI')f.

o 03 12 56 d—3d-2 d-1d
bi' = (+H)H)H) - () (+),

< el T_d—ld d—3d-2 56 12 01
by = (b)'=() (=) - (H)E)().

» All the rest "vectors” IA){"T, belonging to the same
Lorentz representation f = 1, while m = (1,2, - -- 72%_1),
follow by the application of the Lorentz generators S’’s.
The new representations are not reachable by the
Lorentz generators S?° and must be found in a different
way.



Let us recognize that:

>

» For all the irreducible representation f = (1,---
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» Making a choice of the the vacuum state

oo > = [33/'1[1—2] S
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ford =2(2n+1),

n is a positive integer. It follows

{Bma B?IT}'F |¢OC > — 5mm/ |¢OC >)
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bf |woc = W;’fﬂ>,
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with (m, m’) denoting the "family” member and (f, f’)
denoting " families”.



One recognizes that B;",T and B,’Z’ have all the properties
of creation and annihilation operators,

fulfilling the

anticommutation relations of Dirac fermions,

without postulating these relations,

if we require that only Hermitian conjugated partners
"meet” with their creation operators.

This is an useless requirement.

And yet we have NO quantum number of irreducible
representations, which would be, however, appreciated
as the family quantum number.

The part of the Clifford space, spanned by 7°’s has
completely equivalent properties!!



» To remedy these troubles let us "sacrifice” one of the
two vector spaces, 77’s,
and use 4?’s to define the ”family” quantum number
for the irreducible representation
of the vector space of +?’s.

keeping the relations
{72 e =27 = {5, 5%},

» Let us postulate:
VB(v) = (2)PiBy?,

with (=) = —1, if B is an odd product of v?'s, otherwise
()P =1



» The vector space of 9%’s has correspondingly no meaning
any longer, it is " frozen out”.

» The irreducible representations of Lorentz
transformations, 5?°, have now the family quantum
numbers.

The eigenvalues besides of the operators 5 also of 52
on nilpotents and projectors of v?’s can be calculated
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52 on nilpotents and projectors of v?’s

differ from the eigenvalues of 52

S2b denote the irreducible representations of $2° with
the " family” quantum number.



» The Lorentz invariant action for a free massless fermion in
Clifford space is well known.

1
A = /ddxz(@bwo”y"’paw)ﬂLh-C-,

_ ;0
pa_laxav

Ypalth > = 0,p?pslp >=0.

» Solutions are for free massless ” fermions” superposition
of b}"T, for a chosen " family” f,

05 > = D ™ bl e P ihoe >,
m
st ms tmf _—ipyx?
by = Z by e )
m
s represents different solutions of the equations of motion,

< ¢?p|¢sl,p, >= 8¢ O 8PP, where | am assuming the
discretization of momenta p?.



It only remains to:

» Recognize that the Clifford algebra offers the second
quantized fermions without postulating the second
quantization relations.

» Since the states are for different momentum orthogonal, the

creation and annihilation operators fulfill the
anticommutation relations for each momentum p°.
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| have demonstrated that either the Grassmann — Part |
— or the Clifford algebra — Part Il — offer the explanation
for the by Dirac assumed second quantized relations for
fermions.

The Grassmann algebra offers the second quantized
fermions with integer spins and for d > 5 the charges in
the adjoint representations and NO families.

The Clifford algebra offers families,

For d > (13 + 1) the Clifford offers also all the charges
needed to explain properties of the
observed quarks and leptons,

as suggested by the spin-charge-family theory.

The spin-charge-family theory offers much more.
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